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Quantum droplets can emerge in bosonic binary magnetic gases (BMGs) from the interplay of short- and
long-ranged interactions, and quantum fluctuations. We develop an extended meanfield theory for this system
and use it to predict equilibrium and dynamical properties of BMG droplets. We present a phase diagram and
characterize miscible and immiscible droplet states. We also show that a single component self-bound droplet
can be used to bind another magnetic component which is not in the droplet regime. Our results should be
realizable in experiments with mixtures of highly-magnetic lanthanide atoms.
Introduction - Quantum droplets are a dilute liquid-like
state of an ultra-cold atomic gas that occurs when collapse-
inducing attractive two-body interactions are balanced by a
repulsive term with a higher-order dependence on the density
[1]. Experimental studies over the past four years have pro-
duced quantum droplets in two different bosonic systems in
which the collapse is stabilized by quantum fluctuations1: (i)
Binary mixtures of atoms with an attractive interspecies in-
teraction [2]. These droplets have been prepared with mix-
tures of potassium spin states [3, 4], and with a heteronuclear
potassium-rubidium [5] mixture. (ii) Single-component sys-
tems of highly magnetic atoms in the regime where the mag-
netic dipole-dipole interaction (DDI) dominates over the con-
tact interaction. Gases of dysprosium (Dy) [6] and erbium
(Er) [7] atoms have been used to prepare these droplets.
Here we consider a new class of quantum droplet formed in
a BMG, i.e. a two-component bosonic gas, where the atoms of
each component have a large magnetic moment. In this sys-
tem each component can independently form a droplet, but to-
gether the components have an array of interactions that lead
to a multi-component droplet with unique features. Critically,
interactions can favour the droplet being either in a misci-
ble or immiscible phase. In the latter case the long-ranged
DDIs play an important role in organising the phase-separated
parts of the droplet. Such multi-component physics is ab-
sent from (non-magnetic) binary mixtures, for which the in-
terspecies attraction only allows droplets to form in the mis-
cible regime, where it effectively behaves as a single compo-
nent system (see [2]). Motivation for understanding this new
system comes from recent experimental progress with BMGs
[8], where binary Bose-Einstein condensates with five differ-
ent Er-Dy isotope combinations have been produced.
Formalism - We consider a zero temperature gas of two
bosonic atoms with a large magnetic moment µmi (i = 1, 2),
polarized along the z axis. In this work we assume both
species have the same mass m, which well-approximates any
mixture of Er and Dy isotopes. The stationary states of species
i are described by the extended GPE Liψi = µiψi, where
Li = hsp +
∑
j
gijnj +
∑
j
gddijΦj(x) + ∆µi, (1)
1 Here the energy of the two-body interactions and quantum fluctuations
scale with the density n as E2B ∼ n2 and EQF ∼ n5/2, respectively.
and µi is the chemical potential of species i, used to fixed
the number of atoms Ni =
∫
dx |ψi|2. Here hsp =
−~2∇22m + V (x) is the single-particle Hamiltonian, where
V (x) represents any external potential. The short-ranged two-
body interaction coupling constants are gij = 4pi~2aij/m,
where aij is the s-wave scattering length between species i
and j. The long-ranged DDIs are described by Φi(x) =∫
dx′ f dd(x − x′)|ψi(x′)|2, where f dd(r) = 34pir3 (1 −
3 cos2 θ), with the coupling constant gddij = 4pi~2addij/m and
addij = mµ0µ
m
i µ
m
j /12pi~2 being the dipole length.
The quantum fluctuation effects included in the eGPE are
described by the terms ∆µi, derived by extending the for-
malism of Ref. [2] to include DDIs. For a uniform (and
equal mass) dipolar mixture of component density ni the
quantum fluctuations contribute an energy density of EQF =√
2m3/2
15pi2~3
∑
±
∫ pi/2
0
dθk sin θkI
5/2
E± where
IE± = n1U˜11 + n2U˜22 ±
√
δ21 + 4U˜
2
12n1n2, (2)
with δ1 = n1U˜11−n2U˜22, and U˜ij(k) = gij + gddij (cos2 θk −
1
3 ) being the Fourier transform of the total interaction poten-
tial. From this we derive the chemical potential correction as
∆µi = ∂niEQF = m
3/2
3
√
2pi2~3
∑
±
∫ pi/2
0
dθk sin θk Ii±, where
I1± =
(
U˜11 ± δ1U˜11 + 2U˜
2
12n2√
δ21 + 4U˜
2
12n1n2
)
I
3/2
E± . (3)
We omit writing the similar expression for I2. This theory
will provide a good description in the dilute regime, which
is well-satisfied in ultra-cold atomic experiments. To employ
this result in the inhomogeneous situation of Eq. (1) we make
the local density approximation and set ni = |ψi(x)|2. In
using these expressions we ignore the small imaginary part of
∆µi, consistent with previous treatments [2, 6] (also see [9]).
Quantum droplets in the balanced BMG - First we consider
a balanced mixture with equal intra-species interactions and
particle numbers in each component (i.e. a11 = a22, add11 =
add22, andN1 = N2). In the regime where both components are
miscible and take the same shape (i.e. ψ1 = ψ2) the eGPE can
be reduced to an effective single component problem which
we refer to as the same shape approximation (SSA):
LSSAi = hsp + geffni + gddeffΦi + γQFn3/2i , (4)
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2FIG. 1. Free-space droplets and miscibility in a balanced BMG. (a)
Phase diagram as a function of atom number and intra-species in-
teractions for various a12. BMG droplet binding predicted by varia-
tional theory (solid lines), eGPE (circles and thicker lines) and SSA
eGPE (crosses). The immiscibility transition is at aii = a12 (dotted
horizontal lines) with shaded regions indicating where miscible self-
bound droplets are predicted by variational theory. The self-binding
for a single-component system (green dashed lines and markers). In-
set shows the variational results plotted as 1/ddeff versusN1+N2 (the
single-droplet results as aii/addii versus Ni). eGPE droplet solutions
in the (b1) miscible and (b2) immiscible regimes shown with a den-
sity isosurface at 2.5×1020m−3 for (b1) n = n1+n2 (grey surface)
and (b2) n1 (red surface) and n2 (blue surface). (c) The maximum of
n1 (blue line) and n (black line), and (d) the component overlap of
the eGPE solution as aii is varied. The parameters for (b1), (b2) and
the results in (c) and (d) are indicated in (a) by the diamonds and ver-
tical line, respectively. Other parameters addii = 130.8a0,m = 164u,
and in (b)-(d) Ni = 5× 103.
where we have set geff ≡ gii + g12, and gddeff ≡ 2gddii as the
effective two-body contact and dipolar coupling constants, re-
spectively. Here the quantum fluctuations (∆µi) depend on
the density as n3/2i with coefficient
γQF =
2m3/2
3pi2~3
[
(gii − g12)5/2 + (gddeff)5/2M5(1/ddeff)
]
, (5)
where ddeff ≡ gddeff/geff and M5(x) ≡ Re
∫ 1
0
du (x + 3u2 −
1)5/2. The function M5 can be analytically evaluated2 and
2M5(x) = 9+4x+11x
2
16
√
2 + x − 5(1−x)3
32
√
3
[
2 log
(√
2 + x +
√
3
)
−
has the following limits:{
(gddeff)
5/2M5(1/ddeff)→ (geff)5/2, gddeff → 0,
(gddeff)
5/2M5(1/ddeff) = (geff)5/2Q5(ddeff), geff > 0,
(6)
showing this expression reduces to known results for the bi-
nary contact [2] and single component dipolar [10] conden-
sates, respectively (see [10] for the definition of Q5 - note
M5 is useful because it is well-defined for ddeff ≤ 0).
Within the SSA, a useful variational description is furnished
by making a Gaussian ansatz for the condensate wavefunction
ψvari =
√
8Ni/pi3/2σ2ρσze
−2(ρ2/σ2ρ+z2/σ2z), where σρ and σz
are the variational width parameters. Variational solutions are
found by minimising the variational energy3
Ei
Ni
=
~2
m
(
2
σ2ρ
+
1
σ2z
)
+
4Ni
[
geff − gddefff
(
σρ
σz
)]
(2pi)3/2σ2ρσz
(7)
+
2γQF
5
(
16Ni
5pi3/2σ2ρσz
) 3
2
,
where f(x) = 1+2x
2
1−x2 − 3x
2 tanh−1
√
1−x2
(1−x2)3/2 .
In free-space (i.e. V = 0) self-bound droplets are stable
ground states where their energy is negative, otherwise they
are unstable to evaporating to the trivial solution (ψi → 0).
In Fig. 1(a) we present a phase diagram obtained from the
variational theory with Ei = 0 taken to define the stable
droplet boundary. This shows that, for a given atom number,
a stable droplet will occur when the intra-species scattering
length is below some threshold value. This threshold tends
to decrease with increasing a12, as the inter-species repulsion
competes against the attractive DDIs. For reference the self-
binding boundary for a single component droplet4 [12] is also
indicated. This shows that the BMG droplets can be stable
in regimes where each component could not form a stable
droplet by itself. In the inset we present the phase diagram
rescaled to the effective parameters and show that the bound-
aries approximately collapse to a single curve.
In Fig. 1(b1) we show an example of a miscible droplet ob-
tained by solving the eGPE, in a regime where both compo-
nents have identical wavefunctions. In this case the full eGPE
is equivalent to the SSA eGPE [see Eqs. (1) and (4)]. As the
value of a12 is lowered, the two components become immisci-
ble and phase-separate – thus the SSA is no longer applicable.
The two separated components orient in a head-to-tail config-
uration to minimise the DDI energy [see Fig. 1(b2)].
For the balanced system in the miscible regime (where
the SSA applies) the DDIs are identical within and between
the components. Thus immiscibility is determined by the
ln |1− x|
]
for x ≥ −2 andM5(x) = 0 otherwise.
3 Obtained from the energy functional associated with operator in Eq. (4),
and has similar form to the single component dipolar result of Ref. [11].
4 I.e. for a single component system with parameters Ni, aii and addii .
3FIG. 2. Immiscibility transition of a free-space BMG droplet com-
prised of N1 = 5 × 103 Dy atoms and N2 = 104 Er atoms.
(a1)-(a3) Chemical potentials, DDI energies, component overlap
and peak densities as the interspecies scattering length is changed
across the immiscibility transition. (b1), (b2) Density isosurfaces
at 5 × 1020/m3 of the ground states at labeled a12 values [compo-
nent 2 is cut away in (b2) to reveal component 1]. Other parameters:
{a11, a22, add11, add22} = {75, 50, 130.8, 65.5}a0, and m = 165u.
short-ranged interactions with the transition occurring when
a12 =
√
a11a22 [13]. This allows us determine the regions
(shaded) of the phase diagram where the BMG droplets are
miscible. In Fig. 1(c) and (d) we show the peak densities and
the overlap χ12 ≡ 1√N1N2
∫
dxψ∗1ψ2 (quantifying miscibil-
ity) as the transition is crossed by varying aii for a12 = 90a0.
We have calculated stationary droplet states of the full
eGPE and the SSA eGPE to determine the self-binding phase
boundary. These results are generally in good agreement with,
although lie slightly above, the variational boundaries. An ex-
ception is for a12 = 90a0 and N1 . 3 × 103. In this region
the variational boundary is below the immiscibility line, and
the droplets are immiscible at the boundary. As such both the
variational and SSA eGPE are inapplicable, and the full eGPE
predicts a significantly higher phase boundary. Here the self-
binding line is similar to the single droplet case – expected
since the droplets components have spatially separated – but
it is shifted upwards (relative to the single-droplet boundary)
due to the stabilizing attractive DDI between the components.
Quantum droplets in an imbalanced BMG - Our formalism
applies to the general imbalanced case where the atom number
and intra-species interactions are different. In Fig. 2 we con-
sider the ground state droplet properties of Dy-Er BMG as the
inter-species scattering length is ramped through the immisci-
bility transition. These solutions are obtained by numerically
solving for the ground states of the full eGPE.
The chemical potential µi is the energy required to add a
particle of component-i and provides a useful characterization
of the system. The values of µi in Fig. 2(a1) are negative, indi-
cating that both components are self-bound. In the regime we
examine, µ1 (for Dy) is less than µ2 (for Er). We also see that
µi increases with increasing a12 when the system is miscible
FIG. 3. Er condensate confined by a Dy droplet in free-space. (a1,b1)
Dy (red) and Er (blue) density isosurfaces at 2 × 1019m−3, and
(a2,b2) the respective density on the z-axis. In (a) a12 = 65a0 and
in (b) a12 = 70a0. Other parameters: N1 = 104, N2 = 500,
{a11, a22, add11, add22} = {90, 80, 130.8, 65.5}a0, and m = 165u.
[i.e. where χ12 ∼ 1, see (a2)], since a12 makes an impor-
tant contribution to the energy when the components spatially
overlap. When the system transitions to being immiscible, the
chemical potentials become almost independent of a12. How-
ever, the DDIs between the components still play an impor-
tant role. To quantify this we show the inter- and intra-species
DDI energies Eddij =
1
2g
dd
ij
∫
dxniΦj in Fig. 2(a1). We see
that, even when the system is immiscible, |Edd12/N2| > |µ2|,
i.e. the inter-species DDI energy per particle is larger (in mag-
nitude) than the Er chemical potential. This emphasises the
often dominant role of long-ranged inter-component interac-
tions in this system.
The Dy density is slightly higher than the Er density in the
immiscible regime [a12 & 60a0 in Fig. 2(a3)], and the phase-
separated droplet organizes to have the Dy component at the
center with Er component above and below [see Fig. 2(b1)].
By increasing a11 we find similar behavior to Fig. 2, but the
Dy density decreases (in the immiscible regime) and the Er
component moves to the center of the droplet.
In Fig. 3 we consider a more strongly imbalanced case of
104 Dy atoms and 500 Er atoms. Taking a11 = 90a0 (< add11)
for Dy, it is in a regime where it forms a self-bound droplet
by itself. For Er a22 = 80a0 (> add22) so that its overall intra-
species interactions are contact dominated and repulsive (i.e. it
will not bind into a droplet) and can be considered as a regular
dipolar condensate that would evaporate in free-space. For the
combined system, the inter-species interactions allow the Dy
droplet to bind the Er atoms. For the case in Fig. 3(a1,a2) the
components are miscible and the Er atoms sit in the middle
of the Dy droplet, while the case in Fig. 3(b1,b2) (with higher
a12) is immiscible, and the Er atoms are instead confined to
the effective potential minima at the top and bottom of the
Dy droplet arising from the attractive DDIs. In both cases the
Dy component is only weakly affected by the Er component
which is more than an order of magnitude less dense.
Preparation dynamics of BMG droplets - Here we simu-
late a procedure to prepare a BMG droplet, starting from a
trapped condensate in the miscible regime, and then reducing
4FIG. 4. Preparation of BMG droplets from an initial miscible Dy-
Dy condensate. (a1)-(a3) Results from a τr = 10ms ramp. (a1)
1020/m3 density isosurfaces of component 1 (red) and 2 (blue) at
t = 100ms. Evolution of (a2) peak total density npeak and (a3)
pseudo-spin densitymz . (b1)-(b3) Similar analysis for a τr = 60ms
ramp. Initial and final values for the intra-species scattering lengths
are aii = 110a0 and afii = 80a0, respectively. The initial harmonic
confinement is V = 1
2
m
∑
ν ω
2
νx
2
ν , with ωx,y/2pi = 250Hz, and
ωz/2pi = 125Hz. Other parameters: Ni = 5× 103, addii = 130.8a0,
a12 = 90a0 and m = 163.9u.
the scattering lengths into the droplet regime while removing
the trap potential (cf. [7, 14]). We use the time-dependent
eGPE i~ψ˙i = Liψi from an initial state corresponding to a
harmonically trapped condensate with noise added to mimic
vacuum fluctuations [15], following the procedure described
in Ref. [16] (also see [17, 18]). At t = 0 we ramp into the
droplet regime over a time period of τr, by linearly reducing
the intra-species scattering lengths aii to a final value afii, and
linearly reducing the trap frequencies to zero. These parame-
ters are then held constant for the remainder of the simulation.
For afii in the range (90a0, 103a0) the free-space ground
state is a miscible BMG droplet (cf. Fig. 1). Simula-
tions of this case (not shown) successfully generate a self-
bound droplet with collective oscillations excited by the fi-
nite ramp time (similar to the single component simulations
in Ref. [12]). The droplet produced lasts for the duration of
our simulations (& 100 ms) without any noticeable decay. The
inclusion of three-body loss would limit the droplet lifetime.
For afii . 90a0 the ground state droplet is immiscible with
two domains [cf. Fig. 1(b2)]. We show results simulating the
evolution in this regime for τr = 10 ms and 60 ms in Fig. 4.
The droplet produced by the ramp has a greater number of
domains, with a nearly periodic spatial pattern. We character-
ize the domain formation and its evolution with the (pseudo)-
spin density mz(z) ≡
∫
dx dy (|ψ1|2 − |ψ2|2) in Fig. 4(a3)
and (b3). This observable reveals the domains appearing near
the conclusion of the ramp, and the breathing-mode-like col-
lective excitation of these domains along the z axis. Note
that we dot no observe any merging or decay of the domains
once they form even under these strong collective dynam-
ics, demonstrating that these structures are robust. For the
slower ramp we find that fewer domains are produced. This
τr-dependence is similar to that found in studies of the domain
formation in the immiscibility transition of a binary conden-
sate [19, 20], which was described using the Kibble-Zurek
mechanism. This suggests that the additional domains we ob-
serve are defects arising from non-adiabatically crossing the
phase transition.
Conclusions and outlook - We have developed a theory for a
new category of quantum droplet that exhibits the rich behav-
ior of binary fluids. Using this theory we have characterized
a droplet phase diagram and the properties of miscible and
immiscible droplets. We have shown that a single magnetic
droplet can be used to bind a magnetic condensate, and thus
potentially even individual magnetic atoms. This test tube-
like behavior has similarities to helium nanodroplets, which
act as quantum solvents to attach other chemical species,
e.g. for mK spectroscopy [21]. We have also considered the
dynamics of forming a BMG droplet from an initial trapped
condensate in the miscible regime, showing that an interac-
tion and trap ramp can be used to prepare self-bound droplets
on the typical time scales available to experiments. Crossing
the immiscibility transition at a finite rate leads to additional
domains being created compared to the ground state case.
Pathways to produce a droplet closer to the ground state case
include (i) using a slower ramp, (ii) ramping down from an
immiscible condensate (i.e. already having several domains),
or (iii) directly evaporatively cooling into the droplet regime
(cf. Ref. [17]).
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